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Abstract. Let N and P be smooth manifolds of dimensions n and p (n > 
p > 2) respectively. Let f2 7 (TV, P) denote an open subspace of J°° (TV, P) which 
consists of all Boardman submanifolds £ J (N, P) of symbols J with J < I. An 
H^-regular map / : N — > P refers to a smooth map having only singularities in 
Q 1 (N, P) and satisfying transversality condition. We will prove what is called 
the homotopy principle for f^-regular maps in the existence level. Namely, a 
continuous section s of Q (AT, P) over N has an H^-regular map / such that s 
and j°°f are homotopic as sections. 



Introduction 

Let N and P be smooth (C°°) manifolds of dimensions n and p respectively with 
n > p > 2. In [B] there have been defined what are called the Boardman manifolds 
£ 7 (JV, P) in J°°(N, P) for the symbol I = (ii, i 2 , ■ ■ ■ , i r ), where «i, *2, • • * are a 
finite number of integers with i% > 1% > ■ ■ ■ > i r > 0. We say that a smooth map 
germ / : (JV, x) — > (P, y) has x as a Thom-Boardman singularity of the symbol / 
if and only if j™f £ ^(N, P). Let f} 7 (JV, P) denote an open subset of J°°(JV, P) 
which consists of all Boardman manifolds E J (JV, P) with symbols J of length r 
satisfying J < / in the lexicographic order. It is known that fi^JV, P) is an open 
subbundle of J°°(JV, P) with the projection 7r^ x 7r|?, whose fiber is denoted by 
f2 7 (n,p). A smooth map / : JV — > P is called an ft 1 -regular map if and only if (i) 
j°°f(N) C / (JV,P) and (ii) is transverse to all E J (JV,P). 

We will study a homotopy theoretic condition for a given continuous map to be 
homotopic to an f2 7 -regular map. Let (JV, P) denote the space consisting of all 
f2 7 -regular maps equipped with the C°° -topology. Let T n i (JV, P) denote the space 
consisting of all continuous sections of the fiber bundle 7r^|f2 7 (JV, P) : f2 7 (JV, P) — > 
JV equipped with the compact-open topology. Then there exists a continuous map 

j al :C%(N,P)->T a i(N,P) 

defined by jn'if) = j°°f- It follows from the well-known theorem due to Gro- 
mov[Gl] that if JV is a connected open manifold, then j'qi is a weak homotopy 
equivalence. This property is called the homotopy principle (the terminology used 
in [G2]). If JV is a closed manifold, then it becomes a hard problem for us to 
prove the homotopy principle. As the primary investigation preceding [Gl], we 
must refer to the Smale-Hirsch Immersion Theorem ([H]), fc-mersion Theorem due 
to [F] and the Phillips Submersion Theorem for open manifolds ([P]). In [El] and 
[E2], Eliasberg has proved the well-known homotopy principle in the 1-jet level 
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for f2™~ p+1,0 -regular maps, say fold-maps. As for the Thom-Boardman singular- 
ities, du Plessis[duP] has proved that if i r > n — p — d 1 , where d 1 is the sum of 
, a r -i with ag being 1 or depending on ig — ig + i > 1 or otherwise, then 
jni is a weak homotopy equivalence. 

In this paper we prove the following homotopy principle in the existence level 
for closed manifolds. 

Theorem 0.1. Let n > p > 2. Let N and P be connected manifolds of dimensions 
n and p respectively with dN = 0. Assume that H, 1 (N, P) contains £"~ p+1 '°(iV, P) 
at least. Let C be a closed subset of N . Let s be a section ofT n i{N 1 P) which has 
an Q. 1 -regular map g defined on a neighborhood of C into P, where j°°g = s. 

Then there exists an il 1 -regular map f : N — > P such that j°° f is homotopic to 
s relative to a neighborhood of C by a homotopy s\ in T n i (N, P) with s — s and 

8l=j°°f. 

r-1 

In [Al] we have given Theorem 0.1 for the symbol I = (n — p + 1, 1, • • • , 1, 0) 
with a partially sketchy proof using the results in [El] and [E2]. The singularities of 
this symbol / are often called ^-singularities or Morin singularities. The detailed 
proof are given in [An4, Theorem 4.1] and [An6, Theorem 0.5] for the symbol 
I = (n — p + 1, 0). We will use these two theorems in the proof of Theorem 0.1 in 
this paper. 

Recently it turns out that this kind of the homotopy principle has many appli- 
cations. Theorem 0.1 is very important even for fold-maps in proving the relations 
between fold-maps, surgery theory and stable homotopy groups ([An4, Theorem 
1] and [An5, Theorems 0.2 and 0.3]). The homotopy type of il n ~ p+1 >° determined 
in [An3] and [An5] has played an important role. We can now readily deduce the 
famous theorem about the elimination of cusps in [LI] and [El] (see also [T]) from 
these theorems. 

The homotopy principle in the existence level for maps and singular foliations 
having only what are called A, D and E singularities are proved in [An2] and [An7] . 

In [Sady] Sadykov has applied [Anl, Theorem 1] to the elimination of higher A r 
singularities (r > 3) for Morin maps when n—p is odd. This result is a strengthened 
version of the Chess conjecture proposed in [C]. 

As an application of Theorem 0.1 we prove the following theorem. We note that 
the simplest case is also a little stronger form of the Chess conjecture. 

Theorem 0.2. Let n > p > 2, and N and P be connected manifolds of dimensions 
n and p respectively. Let L = (n — p + 1, 12, • • • , i r -u 1, 1) an d J = (n — p + 
1, 12, ■ ■ ■ , i r -i, 1,0) such that n — p + 1 — i 2 and r (r > 3) are odd integers. Then 
if f : N — > P is an ft 1 -regular map, then f is homotopic to an Q J -regular map 
g : N — > P such that j°°f and j°°g are homotopic in T n i (N, P). 

In Section 1 we explain notations which are used in this paper. In Section 2 we 
review the definitions and the fundamental properties of the Boardman manifolds, 
from which we deduce several further results about higher intrinsic derivatives in 
Section 3. In Section 4 we reduce the proof of Theorem 0.1 to the proof of Theorem 
4.1 by the induction, and prepare a certain rotation of the tangent spaces defined 
around the singularities of given symbol in N to deform the section s. In Section 
5 we prepare several lemmas which are used in the deformation of the section s in 
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the proof of Theorem 4.1. We prove Theorem 4.1 in Section 6 and prove Theorem 
0.2 in Section 7. 

1. Notations 

Throughout the paper all manifolds are Hausdorff, paracompact and smooth 
of class C°°. Maps are basically continuous, but may be smooth (of class C°°) 
if necessary. Given a fiber bundle ir : E — > X and a subset C in A, we denote 
7r _1 (C) by E\c- Let 7r' : F — > Y be another fiber bundle. A map b : E — ► F is 
called a fiber map over a map &:A^Y"if7r'o& = 6o7r holds. The restriction 
b\(E\c) : E\c — > F (or .F|&(c)) is denoted by 6|c- In particular, for a point i£l, 
and 6j x are simply denoted by E x and & x : F x — > i^( x ) respectively. We denote, 
by 6 F , the induced fiber map b*(F) — > F covering 6. For a map j : W —> X, let 
j*(b) : j*E — ► (bo j)*F over 14 7 be the fiber map canonically induced from 6 and j. 
A fiberwise homomorphism E — > F is simply called a homomorphism. For a vector 
bundle F with a metric and a positive function ion X, let D${E) be the associated 
disk bundle of E with radius 8. If there is a canonical isomorphism between two 
vector bundles E and F over X = Y, then we write E = F. 

When F and F are smooth vector bundles over X = Y, Hom(F, F) denotes the 
smooth vector bundle over X with fiber Hom(F x , F x ), x 6 X which consists of all 
homomorphisms E x — > F x . 

Let J k (N, P) denote the fc-jet space of manifolds N and P. Let 7r^ and tt p be the 
projections mapping a jet to its source and target respectively. The map 7r^ x np : 
J k (N, P) N x P induces a structure of a fiber bundle with structure group 
L k (p) x L k (n), where L k (m) denotes the group of all fc-jets of local diffeomorphisms 
of (R"\0). The fiber (tt^ x ^^{x.y) is denoted by J k ^ y (N,P). 

Let -km and irp be the projections of N x P onto N and P respectively. We set 

k 

(1.1) J k {TN,TP) = ($Uom(S\Tr* N (TN)),TT* P (TP)) 

i=i 

over N x P. Here, for a vector bundle F over X, let 5 4 (F) be the vector bundle 
UzexS'^Fj,) over A, where S l (E x ) denotes the i-fold symmetric product of E x . If 
we provide N and P with Ricmannian metrics, then the Levi-Civita connections 
induce the exponential maps expjy : T X N — ► N and exp Py : T y P — > F. In dealing 
with the exponential maps we always consider the convex neighborhoods ([K-N]). 
We define the smooth bundle map 

(1.2) J k (N,P)^J k (TN,TP) over Ax P 

by sending z = j k f £ J k y (N,P) to the fc-jet of (exp Py ) _1 o / o exp^^ at 6 
T X N, which is regarded as an element of J k (T x N,T y P)(= J x y (TN, TP)) (see [K- 
N, Proposition 8.1] for the smoothness of exponential maps). More strictly, (1.2) 
gives a smooth equivalence of the fiber bundles under the structure group L k (p) x 
L k (n). Namely, it gives a smooth reduction of the structure group L k (p) x L k (n) 
of J fe (A,F) to 0(p) xO(n), which is the structure group of J k (TN,TP). 

Recall that S i (E) has the inclusion S l (E) — > ® l E and the canonical projection 
® l E -> S l (E) (see [B, Section 4] and [Mats, Ch. Ill, Section 2]). Let E be 
subbundles of F (j = 1, • • • We define E 1 Q ■ ■ ■ Q E t = Oj=i E i to be the 
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image of E\ <g> • • • <g> Ei = & j=1 Ej -> (g>' l E -> S l (E). When E j+ i = ■■■ = E j+e , wc 
often write E 1 O ■ ■ ■ O Ej O* Ej+i O Ej+e+i O • • • O E, in place of 0)=i E i- 

2. BOARDMAN MANIFOLDS 

We review well-known results about Boardman manifolds in J°°(N 7 P) ([B], [L2] 
and [Math2]). Let / = (ii, • • • ,i r ) be a Boardman symbol with i\ > ■ ■ ■ > i r > 
0. For k < r, set I k = {ii,i 2 ,--- ,ik) and (4,0) = {ii,i2,--- ,«fe,0). In the 
infinite jet space J°°(N 7 P), there have been defined a sequence of the submanifolds 
£ 71 (AT, P) D ■ ■ ■ D T, Ir (N, P) with the following properties. In this paper we often 
write S 7 - for S 7 -(7V, P) if there is no confusion. 

Let P = (ir^)*(TP) and D be the total tangent bundle defined over J°°(N,P). 
We explain important properties of the total tangent bundle D, which are often 
used in this paper. Let / : (N, x) — > (P, y) be a germ and F be a smooth function 
in the sense of [B, Definition 1.4] defined on a neighborhood of j^f. Given a 
vector field v defined on a neighborhood of x in N, there is a total vector field D 
defined on a neighborhood of such that DF ° j°° I = v(F °j°°f)- It follows 
that d(j°° f)(v)(F) = DFij 00 /) for d(j°° f) : TN T(J°°(N,P)) around x. This 
implies d(j°°f)(v) = D. Hence, we have D (tt^)*(TN). 

First we have the first derivative di : D — > P over J°°(N,P). Wc define 
Y, Il (N,P) to be the submanifold of J°°(N,P) which consists of all jets z such 
that the kernel rank of di jZ is i\. Since ^i^i^n.p) IS °f constant rank n — ii, we 
set Ki =Ker(di) and Qi =Cok(di), which are vector bundles over S 7l (7V, P). Set 
K = D, P = P and S 7 ° (N, P) = J°°{N, P). We can inductively define £ 7fc (AT, P) 
and the bundles K k and Pfc over T, Ik (N, P) (k > 1) with the properties: 

(1) Kfc.rl^^p) D K k over ^(N,P). 

(2) Kfe is an i^-dimensional subbundle of T(E 7fc - 1 (N, P))|jy fc (jv,pv 

(3) There exists the (fc + l)-th intrinsic derivative d fc+ i : T(E 7fc - 1 (N, P))| s / fc (A r. P) 
— ► Pfc over T, Ik (N, P), so that it induces the exact sequence over S 7fc (AT, P) : 

(2.1) -,T(^(N,P)) ^T^Wf))^^ ^ P fe - 0. 
Namely, d^ + i induces the isomorphism of the normal bundle 

(2.2) u(I k C / fe _i) = (T(S 7 -^7V,P))| S ^ (JV!P) )/T(S 7 '=(7V,P)) 

of S 7fc (TV, P) in S 7fc -! (AT, P) onto P fe . 

(4) E J *+ 1 (N, P) is defined to be the submanifold of S 7fc (AT, P) which consists 
of all jets z with dim(Ker(dfc + i ;2 |Kfc iZ )) = i k +i- In particular, H Ik (N,P) is the 
disjoint union U**L i: (7fc j) (A 7 , P). 

(5) Set K k+1 =Kcr(d fc+1 |K fe ) and Q fe+1 =Cok(d fe+1 |K fc ) over £ 7 *+i (N, P). Then 
it follows that (K k y k+1{Np) ) nr(^(JV,P))| s , t+1(J , p) = K fc+ i. We have the 
canonical projection e fe : Pfc| E ^ + i (jv,p) — * Qfe+i- 

(6) The intrinsic derivative 

rf(d fe+ i|K fe ) : T(E 7 HA 7 ,P))| E ^ +1( ^ P) -» Hom(K fc+ i,Q fc+ i) over E^+^P) 

of d fe+ i |K fc is of constant rank dim(E 7fc (AT, P)) -dim(E 7fc + 1 (AT, P)). We set P fc+ i = 
Im(d(dfc + i|Kfc)) and define d k+2 to be 

(2.3) d fc+2 = d(d fc+1 |K fc ) : T(^(N,P))\ 

(iV,P) ~~ * Pfc+1 
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as the epimorphism. 

(7) There exists the bundle homomorphism of constant rank 

(2.4) u fc :Hbm(K fc OKfc_iO-"OKi,P)-Hom(K fc ,Q fc ) over £ 7fc (TV, P) 

such that the image of coincides with P^. We denote, by Cfc, the map as the 
epimorphism onto P k . Furthermore, u k is defined as the composition 

(2.5) Hom(K fe O ^k-i O • ■ ■ O Ki, P) "° n Hom(K fc ® K fc _x O • ■ ■ O Ki, P) 

Homf-i^K, A-i) 

= Hom(K fe , Uom(K k ^ O • • ■ O Ki, P)) Bom(K fc) P fe _i) 

■ ►Hom(K fe , Q fe ) 

([B, Theorem 7.14]). 

(8) For a smooth map germ / : TV — > P such that j°°f is transverse to £ 7fc (TV, P), 
let S Ik (j°°f) denote f)- 1 (Y, 1 * (TV, P)). If f\S Ik (j°°f) : S Ik (j°°f) -> P is of 
kernel rank i k+1 at x, then j™f G E 7|t + 1 (TV, P). 

(9) The submanifold £ 7fc (TV, P) is actually defined so that it coincides with the 
inverse image of the submanifold S 7fc (TV, P) in J k (N, P) by 7r£°. The codimension 
of S 7fc (TV, P) in J°°(TV, P) is described in [B, Theorem 6.1]. 

Remark 2.1. (1) It is known that f2 7 (TV, P) is an open subset of J°°(N,P): Let 
I = «2) ■ • • j ir)- We prove that the closure o/£ 7 (TV, P) is contained in the subset 
which consists of all submanifolds S 7 (TV, P) of f/ie symbol J of length r with J > I. 
Let z G J°°(TV, P) lies in the closure o/£ 7 (TV, P). By definition, we first have 
dim((Kcr(di !Z )) > i\. If the symbol of z is J with J ^ I, then we can inductively 
prove that z has a number k such that dim(Ker(dj iZ |Kj_i iZ )) = ij for 1 < j < k < r 
and dim(Ker(dfe + i ;Z |Kfe ;Z )) > i k +i- This implies the assertion. 

(2) If a symbol J is an infinite series (ji,j 2 , • 1 • ,jk, • • • ) and codimE' 7 (TV, P) < 
n, then ji,j 2 , •• • ,Jfc, • • ■ are equal to except for a finite number of j k 's. 

3. Polynomials 

Let V and W be vector spaces with inner product of dimensions v and w 
respectively. Let ei,e2, ••• , e v and d\,d 2 ,--- ,d w be orthogonal basis of V and 
W respectively. We introduce the inner product in Hom(® e V, W) as follows. Let 
hi G Hom(<g>V, W) (i = 1, 2) and let 

W W 

hi{e tl ®...®e h ) =^2a 3 iii2 ... ie dj and h 2 {e il ®...®e h ) =^2% 1 i 2 -i e d j- 

3 = 1 3 = 1 

Then we define the inner product by 



j=l i 1 i 2 ---i e 

Let S and T be isomorphisms of V and W which preserve the inner products respec- 
tively. We define the action of (T, S) on Hom(<8>V, W) by (T, S)h = Toho(® l S- r ). 
We show by induction on t that this inner product is invariant with respect to this 
action. We represent 5" 1 by the matrix (s,j) under the basis e\, e 2 , ■ ■ ■ ,e w . 

The assertion for I = 1 is well known. Assume that the assertion holds for I — 1. 
Under the canonical isomorphism Hom(® e V,W) = Hom(V, Hom(cg/ -1 V, W)) we 
let Ti G Rom(® e V,W) correspond to h, which satisfies /i(e il )(e i2 ® . . . ® e^ J = 
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h{ei t <g> ei 2 <S> • • • <8> e,J. Then we have that (/ii, /12) = £?- =1 (/ii(ej), h2{ej)). Hence, 
we have that 

V 

<(T, (T, S)fc 2 ) = £<((T, ^(S^fe)), ((T, S^S" 1 ^)) 

i=l 

= ^(^- 1 ( ej )),7^(5- 1 ( ei ))) 

i=l 

V 

= 2(Hr(SJ =1 a« ej ),^(SLi*ifcefc)> 

»=1 

f 

= 2( S i=i a «( S fc=i*ifc(^(ei),^(e fc )))> 

j=i fe=i 

= £ £ *jfc (e j ) , ^(efc )> 
i=i fe=i 

= (hi,h 2 ). 

We recall that Hom(X^ =1 J ^ W) is identified with the set of polynomials of 
degree < £ having the constant (see [Mats, Ch. Ill, Section 2]). Let V and 
W be smooth vector bundles with metric over a manifold S with fibers V and W 
respectively. Then Hom(O^V, W) is also a vector bundle with metric. For a point 
c £ S, take an open neighborhood U around c such that ~V\u and W|j/ are the trivial 
bundles, say U x V and U xW respectively. Then an element of Hom(O^V, W)|[/ 
is identified with a polynomial Y^™ =1 (Y,\ UJ \=gAl ] (c)x u [ 1 x^ 2 ■■■x" v )dj, c G U, where 
uo = (u>i, u>2, • • • , w„), > (i = 1, • • • , u), and \u\ = coi + ■ ■ ■ + u v and A£(c) is 
a real number. If A^c) are smooth functions of c, then {A£(c)} defines a smooth 
section of Hom(O^V, W)|^ over U. 

We now provide TV and P with Ricmannian metrics respectively. Then they 
induce the metrics on D and P, and hence induces the metric on Hom(K,t O 
Kfc-i O ' ' ' O Ki,P). Furthermore, we can prove inductively that P^, and also 
Qk+i as the orthogonal complement of Im(dfc+i|Kfc) inherit the induced metrics 
by (5) and (6) in Section 2 respectively. Consequently we have the induced metric 
on Hom(K fc+ i, Qfe+i). 

Let us recall d fe |K fe _i : K fe _i -> P fe _i and e fe _i : P fe _i -> Q fe over Y, Ik (N,P), 
which induces the commutative diagram 

K fc — > K fe _i — > Pfe-i — > Qfc 

-» Kfe-x/Kfe -» Hom(K fc _ 1 ,Q fc _i). 
Since is the cokernel of dfc|Kfc_i, we obtain the canonical isomorphism 
jq fc : Qfc -» Im(d fc |K fe _i) ± over S 7fc (iV,P), 
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where the symbol _L refers to the orthogonal complement. We also use the notation 
jQfc : Qfe — » Hom(Kfe_i, Qfc-i). 

Let k > 2. We now construct the homomorphism, for 1 < i < k, 

(3.1) q(fc) i+1>i+1 : T(S / - 1 (TV, P))y k (NiP) OKjO k 4 _x o • ■ ■ O Ki -> Qi 

over £ /fc (TV,.P) inductively by using d l+l y k(NP) : T(S 7 - 1 (TV, P))\ E 'k(N,P) -» 
p »Is^(a,p) as follows. By the inclusion Pi^^p) C Hom(Kj, Qi)| S 7 fc( jv,p) we 
have the homomorphism 

q(fc) 4 8 +1 ' 2 : (TCS^- 1 (TV, P))y k {NtP) ) ® K 4 - Q 4 over S 7fc (TV, P). 

Suppose that we have constructed the homomorphism, for j < i, 

q(*)® 1,<_i+2 = ^(S 7 *- 1 (TV, P))| sMWiP) ® K, ® Kj_! <g> • • • <g> Kj — > Qj 

over £ /fc (TV,P). By using j Q:; : Qj -»Hom(Kj-_i, Qj_i) over S /fc (TV,P), we obtain 
the homomorphism 

(3.2) q(fc)^ +M ~ J+3 : T(S / - 1 (/V, P))| E 7, {NP) ® K, ® ® • • • ® Kj_i - Q^j 

over £ /fc (TV, P). By setting j = 2, we obtain q(fc)^~ ' l+ . It remains to prove that 
q(fc)^J~ ' l+ is symmetric. This fact has been esssentially stated in [B, Section 7, 
p. 413] without proof. Following the proof of [B, Theorem 4.1] we briefly prove it. 

Let z £ X /fc (TV, P). By the Ricmannian metric of P, we consider the convex 
neighborhood of P around TTp°(z) — y. Let us canonically identify Qi z with a 
subspace of T y P by the isomorphism P z — > T^P. By taking a basis of Qi, z and pro- 
jecting it by the exponential map, we have the local coordinates yi, yi, • • ■ , y p - n +ii 
on the convex neighborhood of y. Then we identify Qi z with Hom(m^/(m^) 2 , R), 
where is the ideal generated by yi,t/2, • ■ ■ , Vp-n+h- Let D and Dj be sections 
of T(S / '- 1 (TV,P))| s / fc(JV P) and defined around z and let a G m$. Then (3.1) 
is regarded as the homomorphism induced from 

T(S / - 1 (TV, P)) z ® K i;2 ® K,_ M ® • • • ® K M ® m^/(m^) 2 — ► R 

which maps TO (g) TDj ® • • • ® £>i ® a to (.D-Dj • • • Z?ia)(z) (see (a) and (b) in the proof 
of [B, Theorem 4.1]). We have to show the following for the symmetry (consult 
Remark 3.1 below to avoid the infinity of the dimensions of the tangent spaces). In 
the expression with [Dj,Dj_i] = DjDj-i — Dj_iDj 

DDi ■ ■ ■ DjDj-! ■ ■ ■ D x a - DD, ■ ■ ■ Dj_\Dj ■ ■ ■ D x a = DD, t ■ ■ ■ [D^D^x] ■ ■ ■ D x a 

for some j with 1 < j < i + 1 (-Dj+i = D), we have that [Dj,Dj_\] is the section 
of Kj_i for j < i and of T(S 7 '- 1 (TV, P)) z for j = i + 1 by [B, Lemma 3.2]. Since 
K ils J fc (Af : P) C Kj_i| E i fc(A r jP) , the length of DD l ■ ■ ■ [Dj,Dj-i] ■••£>! is i, D and 
[D, A] lie in T(S / - 1 (TV, P)) 2 and since T(S /s - 1 (TV, P)) z C T(£ 7i - 2 (TV, P)) z , we 
have that ■ ■ ■ [£>j,£>j_i] • • -£»ia)(z) = by Ker(d ljZ ) = T(T, Ii ~ 1 (N, P)) 2 in 

(2.1). This is what we want. 

In particular, if i = 1 and we restrict T(E /i - 1 (TV, P))| s i fc (jv,p) to Ki, then we 
have the homomorphism q(fc) 2 < 2 |(Ki O K i) : K i O K i Qi ove r S /fc (TV,P), 
which induces the nonsingular quadratic form (K1/K2) O (K1/K2) — > Qi on each 
fiber. 
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Remark 3.1. We can entirely do the arguments in Sections 2 and 3 on J (N,P) 
for a large £. We "provide N and P with Riemannian metrics. For any points x e N 
andy £ P, we have the local coordinates (x\, ...,x n ) and (j/i, ...,y n ) on convex neigh- 
bourhoods of x and y associated to orthonormal basis ofT x N and T y P respectively. 
Let us define the canonical embedding /i^ : J i (TN 1 TP) — ► J°° (TN,TP) such that 
7T £ C ° A^o = ^J e (TN,TP) an d that the i-th components for i > £ of elements of 
the image /z^ are the null homomorphisms of Hom(5 8 (7r^(TAT)), ir* p (TP)). We 
regard ^ as the map to J°°(N,P) under the identification (1.2). Any element 
z G ^oo{J (TN,TP)) is represented by a C°° map germ f : (N,x) — > (P,y) such 
that any i-th derivative of f with i > £ vanishes under these coordinates. It is clear 
that We can prove that D|^< (j((tn,tp)) * s tangent to ^i l oc (J t (TN,TP)). Indeed, 
for a = (<7i, o~ n ) with non-negative integers 0{, let us recall the functions Xi and 
Zj^ with 1 < i < n and 1 < j < p defined locally on a neighbourhood of J°° (N, P) 
by, for z = j™f, 



which constitute the local coordinates on J°° (N, P) as described in [B, Section 1 }. 
Let $ be a smooth function defined locally on ^^(J 1 (T N ,T P)) and let Di G D be 
the total tangent vector corresponding to d/dxi by the canonical identification o/D 
and (ttj^)*(TN). Let a' = (a\, Gi-\Oi + 1, <7, + i, <r„). Then we have 

by [B, (1.8)]. If z e ^(J^TN.TP)), then Z jt „{z) vanishes for \a\ > £. Hence, 
Di(<§>) is a smooth function defined locally on ^^(J (TN,TP)). This implies that 
Di is tangent to Hoo(J (TN,TP)). Since D 2 consists of all linear combinations 
of D\, D n , we have that D z C T z ([i i 00 (J e (TN,TP))). Therefore, we can do the 
required arguments on [/^(J 1 (T N ,T P)) , namely also on J t (TN,TP). 



4. Primary obstruction 

Let r^, (N, P) denote the subspace of T^i (N, P) consisting of all continuous 
sections of 7T^| ft 7 (iV, P) : ^(N, P) -> N which are transverse to each Y, J (N,P). 
For s e r^fJV^), we set S^(s) = s" 1 ^ (N, P)), S^'°{s) = S - 1 (S^'°(A^, P)), 
(s|5 7 (s))*(Kj) = KjiS 1 ^)) and (sIS^s))-^ = Q(S' / (s)). We often write S T (s) 
as S 1 if there is no confusion. 

Let L = (£\, £2, ■ ■ ■ ,£ r ) and I — (i\, 12, • ■ ■ , ifc, 0, • • ■ , 0, • • • ) such that I r < L, 
codim Yi L (n,p) < n and codim E 7 (n,£>) < n, where k may be larger than r. Let 
C(I+) (rcsp. C(I)) refer to the union C U (U J>I S J (s)) (resp. C U (U J > I S J (s))), 
where J are symbols of infinite length and C is a closed subset of N . 

We show in this section that it is enough for the proof of Theorem 0.1 to prove 
Theorem 4.1. 

Theorem 4.1. Let n > p > 2. Let N and P be connected manifolds of dimensions 
n and p respectively with dN = 0. Let L and I = (ii, «2 5 •■ ■ jifc>0) be as above. 
Assume that £l L (N,P) contains £™~ P+1 '°(7V, P) at least. Let s be a section of 
r^ L (N, P) which has an il L -regular map g(I + ) defined on a neighborhood of C(I + ) 
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into P, where j°°g{I + ) = s. Then there exists a homotopy s\ £ T^ L (N, P) relative 
to a neighborhood of C(I + ) with the following properties. 

(1) s = s and Sl eT% L (N,P). 

(2) There exists an Vl L -regular map gi defined on a neighborhood ofC(I), where 
j°°gi — s\ holds. 

(3) s-\V{N,P)) = {j°° gi )-Hp{N,P)). 

The case I = (n — p + 1, 0) of Theorem 4.1 follows from Theorem 1 of [Anl], 
where a partially sketchy proof was given and the detailed proof was given in 
[An4, Theorem 4.1] and [An6, Theorem 0.5]. Let us explain how it follows. In 
fact, we have fl n -P +1 '°(N, P) = T, n ~P(N, P) U £"-P +1 >°(iV, P), and if we set N = 
S n - p (s) U S"- p+1 <°(s), then C((n -p + 1,0)+) = C U (N \ N ). Let U and U' 
be closed neighborhoods of C U (N \ N ) with U ClnW, where g((n - p + 1, 0)+) 
is defined. Since s S T^ L (N, P), s\N a is a section of F^„_ p+li0 (iVo, -P) and g((n — 
p + 1,0) + )\(U' (~l iVo) is an £l"~ p+1 '°-regular map. Hence, we obtain a homotopy 
u\ e r*[„_ p+10 (No, P) relative to a neighborhood of U fliVo and an f2" -p+1 '°-regular 
map fo'.No^P such that so\No = uo and u\ = j°°fo- Then we obtain a required 
homotopy s\ by defining s\\No — u\ and s\\U — j x ' g((n — p + 1, 0) + ). 

We will prove Theorem 4.1 for I > (n — p + 1, 0) in Section 6. 

We now prove Theorem 0.1 for fl L for this symbol L = (£\, 1%, • ■ • , t r ) in place 
of il 1 by using Theorem 4.1. In Sections 4, 5 and 6 we use the notation ft for Q, L . 

Proof of Theorem 0.1. Suppose that the section s given in Theorem 0.1 lies in 
Tq(N, P). Let I = (ii, «2 5 ■ ■ ■ , ifc)0, ••• ,0, •••) be the largest symbol such that 
It < L and codim E 7 (n,p) < n. We can choose such a symbol / by using Section 2 
(4) and Remark 2.1 (2). Then we first set C(I+) = C and g(I+) = g. By Theorem 
4.1 there exists an fi-regular map gj defined on a neighborhood of C(I), where 
j°°gi = s holds. If we note Remark 2.1 (2), then we can prove Theorem 0.1 by the 
downward induction on the symbols / in the lexicographic order. □ 

We begin by preparing several notions and results, which are necessary for the 
proof of Theorem 4.1. For the map g(I + ) and the closed subset C(I + ), we take 
an open neighborhood U(C(I + ))' of C(I + ), where j°°g(I + ) — s. Without loss of 
generality we may assume that N\U(C(I + ))' is nonempty. Take a smooth function 
h-c{i+) '■ N — > [0, 1] such that 

f h c{ i+)(x) = l for x e C(/+), 

(4.1) <^ h c{I+) (x)=0 for xGN\U(C(I+))', 

{ < h c{ i +) (x) < 1 for x e U(C(I+))' \ C(I+). 

By the Sard Theorem ([H2]) there is a regular value r of hcu+) with < r < 
1. Then h^,} I+ Jr) is a submanifold and we set U(C(I + )) = h^}, I+ Mr, 1]). We 
decompose N \ lntU(C(I + )) into the connected components, say L\, ■ ■ ■ ,Lj,---. 
It suffices to prove Theorem 4.1 for each LjUlntU (C(I + )) . Since dN = 0, we have 
that N \ U(C(I + )) has empty boundary. If Lj is not compact, then Theorem 4.1 
holds for Lj-Ulntf7(C(/ + )) by Gromov's theorem ([Gl, Theorem 4.1.1]). Therefore, 
it suffices to consider the special case where 

(CI) N \ lntU(C(I + j) is compact, connected and nonempty, 

(C2) dU(C(I + )) is a submanifold of dimension n — 1, 

(C3) for the smooth function hc(i+) ■ N — > [0,1] satisfying (4.1) there is a 
sufficiently small positive real number e with r — 2e > such that r — te (0 < t < 2) 
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are all regular values of /ic(/+)- We have that /i^ /+ ^([r — 2s, 1]) is contained in 

u(c(i+)Y- 

We set U{C(I+)) t = h c \ I+) ([r-{2-t)e,l]). In particular, we have U(C(I+)) 2 = 
U(C(I + )). Furthermore, we may assume that 

(C4) s e T%(N,P) and S J (a) is transverse to dU(C(I+)) a and dU(C(I+)) 2 . 

In what follows we choose and fix a Riemannian metric of N , which satisfies 

Orthogonality Condition; for the symbol I, Kj^i(S I (s))/Kj(S I (sj) is or- 
thogonal to S^(s) in S^-^s) for k<j < 1 on S T (s) (S* /o (s) = N). 

Let viY, 1 ) be the normal bundle (T(J°°(7V, P))| E i)/T(S / (iV, P)) and let c(7) = 
dimj/(I] / ). Let us fix a direct sum decomposition 

(4.2) i/(E J )= ® k J=l u{I 3 C Ij-^y^, 

and the direct sum decomposition Ki = (Kj/K © K fe over S / (A r , P). 

Let jk : Ki — > ^(S 7 ) over S / (iV, P) be the composition of the inclusion Ki — > 
T(J°°(N,P)) and the projection T( J°°(N, P))| E / (JViP) -» We have the 

monomorphism 

JK o ( S |^) Kl : ifi(5 7 ( S )) -> Ki| E , (JViP) - !/(£')■ 

For s G r^(iV, P), let n(s,7) or simply n(I) be the orthogonal normal bundle 
of S I (s) in N. Let n(s,ij C /j-i) be the orthogonal normal bundle of S Ij (s) in 
S 1 !- 1 (s) over S I (s). Then we have the canonical direct sum decomposition such as 

(4.3) n(s,/) = ej =1 n(a,/ j CI,--!), 
Furthermore, we obtain the bundle map 

ds\n(s,I) : n(s,I) -» i/(£ 7 ) 

covering : 5 7 (s) -> S / (iV,P). Let i n(sJ) : n(s,J) C T7V| 5 / denote the inclu- 
sion. We define ^(s,I) : Ki(S I (s)) — > n(s,J) C T7V| 5 / to be the composition 

° ((s|S J r(d*|n( S) J)))" 1 o (( S |S')*(j K o (,|^) Kl )) 
: Xi(^( S )) - ( S |5 7 )V(S 7 ) - n(s, J) 7W| S ,. 

We note that this homomorphism does not use the decomposition in (4.2) and we 
can take the direct sum decompositions in (4.2) to be compatible with those in 
(4.3). Let i Kl (si( s )) ■ KxiS 1 \s)) -> TN\ S i be the inclusion. 

Remark 4.2. If f is an Q-regular map, then it follows from the definition of D 
that i Kl{s i { ^ f)) = V(j°°f,I). 

In what follows let M = S 1 {s)\lnt{U{C{I+))). Let Mo^K^S 1 {s))\ M , TN\ M ) 
denote the subset of Hom(Ki(S I (s))\m,TN\m) which consists of all monomor- 
phisms Ki(S I (s)) c — ► T C N, c e M. We denote the bundle of the local coefficients 
B(TTj(Mono(Ki(S I (s))c, T C N))), c € M, by B(nj), which is a covering space over 
M with fiber 7Tj(Mono(ii'i(S' 7 (s)) c , T C N)) defined in [Ste, 30.1]. From the obstruc- 
tion theory due to [Ste, 36.3], it follows that the obstructions for iK 1 (s I (s))\M and 
^(s,I)\m to be homotopic are the primary differences d(ix 1 (s l (s))\m ,^(s, I)\m), 
which arc defined in TP (M,dM; B(iTj)) with the local coefficients . We show that 
all of them vanish. In fact, note J > (n — p + 1, 0). If i\ = n — p + 1, then we have 

dimM < dim S n = n — ii(p — n + i\) = n — i\. 
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If ii > n — p + 1, then 

dimM < dimS 1 * 1 = n — i\{p — n + ii) < n — i 1 . 

Since Mono(R* 1 ,R") is identified with GL(n)/GL(n - ii), it follows from [Ste, 
25.6 38.2] that ^ (Mono(R l1 , R™)) {0} for j < n- ii(< p - I). Hence, there 
exists ahomotopy ^ M (s,I) x : K 1 (S I (s))\ M -> TN\ M relative to MnU(C(I+))i in 
Mono(ifi(S* / (s))| M ,T^| A f) such that ^ M {s,I) Q = i Kl (s'(s))\M and ?/> M (s,7)i = 
*(s,/)|m- Let 1so(TN\m,TN\m) denote the subspace of Rom(TN\ M ,TN\ M ) 
which consists of all isomorphisms of T C N, c G M. The restriction map 

r M : Jso(TN\ M ,TN\ M ) -» MonG(A'i(,S' / («))|jif,IW| M ) 

defined by rM{h) = h\{K 1 {S I (s)) c ), for /i G Iso(T c iV, T C N), induces a structure of 
a fiber bundle with fiber Iso(R" _il , R" _il ) x Hom(R n_il , R* 1 ). By applying the 
covering homotopy property of the fiber bundle tm to the sections id TN \ M and 
the homotopy tp M (s,I)\, we obtain a homotopy 1 $ M (s,T)\ : TN\m — > TN\m such 
that tf M (s,J) - »drjv| M , * M (s,7)a| c = id Tc N for all c G Af n C/(C(/+))i and 
r M o* M ( S ,/) A = V M Ma- We define $(s,7) A : T7V|m -> TJV|m by $(«,J) A = 
JJa)" 1 . 

5. Lemmas 

Let 7 be the symbol in Theorem 4.1. In the proof of the following lemma, 
<&(s,7)a| c ( c G Af) is regarded as a linear isomorphism of T C N. Let r be a small 
positive real number with r < 1/10. 

Lemma 5.1. Let s G r*^(iV, P) oe a section satisfying the hypotheses of Theorem 
4.1. TTien fftere ermfc a homotopy s\ relative to [/(C(7 + )) 2 -3r ^ n Fq(N, P) with 
s = s satisfying 

(1) /or any A, S^sa) = S T (s) and it™ o s a |S j (s a ) = tt^ o s|S j (s), 

(2) /or any point c G 5 7 (si), we have iK 1 (S'(s 1 )) = ^K s i>-0- particular, 
K 1 (S I (s 1 )) c cn(s,I) c . 

Proof. Recall the exponential map exp w x : T X N — > TV defined near G T x iV. We 
write an element of n(7) c as v c . There exists a small positive number 5 such that 
the map 

e : D 5 {n{I))\ M - N 

defined by e(v c ) = expjy c (v c ) is an embedding, where c G M and v c G Dg(n(I) c ) 
(note that e\M is the inclusion). Let p : [0, oo) — > R be a decreasing smooth 
function such that < p(t) < 1, p(t) = 1 if t < (5/10 and p(t) = if t > S. 

If we represent s(x) G fi(iV, P) by a jet j^Ca; for a germ a x : (N, x) — > (P, 7Tp o 
s(x)), then we define the homotopy s\ of Fq (TV, P) using $(s, 7) a by 
(5.1) 

BX ^°y */ n i -ix if cGMand llvJI < <J, 

sa(x) = s(x) if x ^ Im(e). 

Here, $(s, J)p(||v c ||)a|c refers to ^(v c ) o ($(s, J)p(||v c ||)a|c) °^(-v c ), where £(v) de- 
notes the parallel translation defined by ^(v)(a) = a + v. If |[v c || > S, then 
*Mp(||v c ||)a|c - $(s,I)o\c, and if c G S 1 D (7(C(7+)) 2 _ 3 r , then $(s,7)a| c = 
$(s, 7)o| c - Hence, s A is well defined. It follows from (5.1) that 
(1) ir?o8x(x)=ir?o8(x), 
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(2) S I (sx) = S I ( S ), 

(3) if c G S I (s), then we have that n(s,I) c D _ftTi(5 7 (si)) c and «Ki(s f (si)) = 

(4) s x is transverse to £ 7 (iV, P). □ 

In what follows we set di(s,I) = (s\S I )*(di). We also choose and fix a Rie- 
mannian metric of P and identify Q(S I (s)) with the orthogonal complement of 
Im(rfi(s,7)) in (irf o s|S' / )*(TP).' 

Lemma 5.2. Lef s be a section ofT t ^ l {N, P) satisfying the property (2) /or s {in 
place of si) of Lemma5.1. Then there exists a homotopy s\ relative to U(C(I + ))2-3 ro 
in Tq(N, P) with so — s such that 

(1) S'isx) = S'is) for any X, 

(2) 7Tp 3 osi|5 l/ (si) is an immersion into P such that dfap'osi \S I (si)) : T(S I (si)) 
-> TP is equal to (n™ o Sl ) TP o di(si, 7)|T(S J (si)) } w/iere (tt^ o si) tp : (tt^ o 
Si)*(TP) — > TP is t/ie canonical induced bundle map. 

Proof. Since Ki n T(£ 7 (7V, P)) = {0}, it follows that (tt^ 5 o s) tp o di(s, i)|T(S J ) 
is a monomorphism. By the Hirsch Immersion Theorem ([HI, Theorem 5.7]) there 
exists a homotopy of monomorphisms m' x : T(S I ) — > TP covering a homotopy m\ : 
S 1 — > P such that TOq = (7r|? o s) tp o di(s, /)|T(S 7 ) and that mi is an immersion 

with d{m\) = m[. Then we can extend m' x to a homotopy m' x : TN\ s i — > TP 
of homomorphisms of constant rank n — i\ relative to J7(C(/ + )) 2 _3 ro . In fact, 
let m : S 1 x [0, 1] -> P x [0, 1] and m' : T(S* / ) x [0, 1] -> TP x [0, 1] be the 
maps defined by m(c, A) = (mx(c), A) and m'(v, A) = (m A (v),A) respectively. Let 
m*(m') : T(S 7 ) x [0, 1] — > m*(TP x [0, 1]) be the canonical monomorphism induced 
from m' by m. Let .Pi =Im(m*(m')) and JT 2 be the orthogonal complement of 
T\ in m*(TP x [0,1]). Since JF 2 is isomorphic to (.T^ls'xo) x [0,1], we obtain a 
monomorphism of rank c(I) — i\ 

3 T : Im(di(«, J)|n(J)) x [0, 1] -» jS over S 7 x [0, 1]. 

Since di(s, 7)|(TiV|5i) is of constant rank n — i\, it induces the homomorphism of 
kernel rank i\ 

d:n(J) x [0,l]-»Im(di(s,J)|n(J)) x [0, 1] ^> 
We define m' to be the composition 

TN\ SI x [0, 1] £* (T(S 7 ) © n(/)) x [0, 1] ro,(ro ' )ed e jr 2 
-» Im(m*(m')) © Cok(m*(m')) = m*(TP x [0, 1]) mTPx 10,11 ; yp x [0, 1]. 

We define m' x to be (m' A (v), A) = m'(v, A). 

Next we construct a homotopy s\ : N — > Q(N,P) from m A . Recall the sub- 
manifold E ll (7V,P) of J^A^.P) = J^TN^P) which corresponds to S 4l (iV,P) in 
Section 2 (9). Then Tif 3 |£ 7 (7V, P) : £ 7 (iV,P) Z ll (N,P) becomes a fiber bundle. 
We regard m' A as a homotopy S 7 — > S n (AT, P). By the covering homotopy property 
to s|5 7 and m' x , we obtain a homotopy s' x : S 1 — > £ 7 (7V, P) covering m' A relative to 
J T (C(/+)) 2 -3r such that 4 = s^ 7 . 

By using the transversality of s and the homotopy extension property to s and 
s' x , we first extend s' x to a homotopy defined on a tubular neighborhood of S 7 and 
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then to a required homotopy s\ £ F^(N,P), which satisfies so = s, sxlS 1 = s' A 
and s x \U(C(I+)) 2 -3r = s\U(C(I+)) 2 - 3ro . □ 

Here we give two lemmas necessary for the proof of Theorem 4.1. Let 7r : E — > S 
be a smooth c(/)-dimensional vector bundle with a metric over an (n — c(J))- 
dimensional manifold, where S is identified with the zero-section. Then we can 
identify exp E \D e (E) = id De ( E ). 

Lemma 5.3. Let it : E — > S be given as above. Let fi : E — > P (i = 1, 2) be 
tt-regular maps which have singularities of the symbol I exactly on S such that 

(i) fi\S = f2\S, which are immersions, 

(ii) S = S I (j°°f 1 ) = S I (j°°f 2 ), 

(iii) Ki(5 7 (j°°/ 1 )) c = K 1 (S I (j°°f 2 )) c are tangent to tt" 1 ^), 

(iv) T^-Hrh)) = T c (S J '-i(j~/ 2 )), ((j°°/i)*P,) c = ((i 00 / 2 )*P j )c and 
((j°°A)*(d, +1 odO'°°/i)))c = (C7°°/2)*(d. i+ i ° d(j°°/ 2 ))) c /or eac/* num&er j and 
any c G 5. 

Lef 77 : 5 — > [0, 1] 6e any smooth function. Let e : S — > R be a sufficiently small 
positive smooth function. Zeif(v c ) denote exp P ^^((1 — 77(c)) expp^ i( . c ^(/i(v c )) + 

?7(c) exp^ , n(/ 2 (v c ))) /or any c £ S and any v c G 7r _1 (c) ||v c || < e(c). 
Then the map f : D £ {E) — > P is a well-defined il-regular map such that 

(1) P|S = /i|S = / 2 |S, 

(2) 5 = S / (j°°F'), 

(3) r c (5 7 -i(. ? °°r')) = Te^-^j 00 /!)), ((i°°r')*P,)c = ((i oc /i)*P,) c and 

((i°°P)*(d j+1 o d(j°°f))) c = ((j°°/i)*(d j+1 od0'°°/i)))c for each number j and 
any c £ S, 

Proof. Let us take a Riemannian metric on which is compatible with the metric 
of the vector bundle E over S. In particular, S is a Riemannian submanifold of E. 
Furthermore, take a Riemannian metric on P such that fi(S) n Pisa Riemannian 
submanifold of P around /(c). Then the local coordinates of exp w c (K\ tC ) and 
exp P j.( c j(Q c ) are independent of the coordinates of S, where Q c is regarded as a 
subspace of Tfr c \P. 

We may consider 77(c) as a constant when dealing with higher intrinsic derivatives 
in the lemma by the identification (1.2) and the property of the total tangent 
bundle D given in the beginning of Section 2. Then the assertion follows from the 
assumptions and the properties of T, Ij (N, P) . □ 

The proof of the following lemma is elementary, and so is left to the reader. 

Lemma 5.4. Let tt : E — > S be given as above. Let (Q, E) be a pair of a smooth 
manifold and its submanifold of codimension c(I) . Let e : S — ► R be a sufficiently 
small positive smooth function. Let h : D £ (E) — ► (f2, £) be a smooth map such that 
S = /i _1 (E) and that h is transverse to E. Then there exists a smooth homotopy 
h\ : (D e (E),S) — > (fi, E) between h and exp n odh\D e (E) such that 

(1) h x \S = h*\S, S = h- 1 ^) = !(£) for any X, 

(2) h\ is smooth and is transverse to E for any A, 

(3) ho — h and h\(v c ) = cxp n h ^ odh(v c ) for c £ S and v c G D e (E c ). 

6. Proof of Theorem 4.1 

Consider the bundles n(I) (= n(s, /)) and Q (= Q(S I (s)). For a point c G 5 7 (s), 
take an open neighborhood U around c such that n(I)\u and Q\u are the trivial 
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bundles, say U x R c ( 7 ) and U x RP-"+ l i respectively, where R c ( 7 ' has coordinates 
(xi,. . . ,a; c (/)) and RP-"+*i has (j/i, . . . , yp-n+ij. Then we identify an element of 
Hom(0 J n(/),Q)|[/ with polynomials Vl (c) = S^i^a^c)^ 1 ^ 2 ■ ■ ■ , c e 17 ' 
where = (a->i, u>2, ■ ■ ■ , ^ C (7)), ^ > (i = 1, • • • , p— n+ii), and |w| = u)\+- ■ -+uj c ^j-j 
and af(c) are real numbers. If af(c) are smooth functions of c, then {af(c)} defines 
a smooth section of Hom(O' J ri(-0, Q)ls J over U. 

We first introduce several homomorphisms between vector bundles over S' / (s), 
which are used for the construction of the required fi-regular map in Theorem 4.1. 

Let s € Tq(N,P). By deforming s if necessary, we may assume without loss 
of generality that s satisfies (2) of Lemma 5.1 and (2) of Lemma 5.2, where si is 
replaced by s. 

In the following, let Kj (j > 1) refer to Kj(S I (s)). Let Kj/Kj + i refer to the 
orthogonal complement of Kj + i in Kj, Tj refer to the orthogonal complement of 
Kj/Kj + i in n(s,Ij C Ij-i), and P 7 = (s\S I )*Pj. Then we have the following 
isomorphism by (2.2) 

(6.1) (s|S J )*(d j+1 o rising C /,•_!)) : 

n( S , c /,•_!) - © T/ - P 7 (1 < j < fc). 

We first define the section q'(s, I) 1 of Hom(n(7), Im(<ii(s, J))) over S I (s) defined 
by q'ls,!) 1 = di(s, I)\n(I), which vanishes on K\\ s i and gives an isomorphism of 
®j=iTj onto Im(rfi(s,/)). 

For 1 < j < k, q(fc) J ' +1 '- 7 ' +1 in (3.1) induces the homomorphism 

(6.2) q(s,iy +1 : n(s,Ij C Ij-i) O Kj O Kj-i O ■ ■ ■ O Ki ~> Q 
over >S 7 (s) defined as the composition 

(( S |5 / )*q(fc)^ 1 ^+ 1 )o((( s |5 / )*d S |n( S ,/ J C /,_!)) 0^O^- 1 O---O^ 1 )- 
Furthermore, we define the following section of Hom(E^jr^ O' 7 n (-0> 0) 

(6.3) q'(s, /) = £^ =1 q(s, over S 7 (s). 
Let us consider the direct sum decompositions 

n(s, I) = (B^Ms, I, C Ij-i), n{s, I 3 C J,-_i) = Kj/K j+1 © T/, 

#i = ® k jZ\Kj/Kj +1 © if fc , (tt^ o slS 1 )* (TP) = Q(SQ ± 

and the inclusion i Q : Q -> (tt^ o s|5 7 )*(TP). Then we obtain the smooth fiber 
map 

(6.4) q(s, /) = („? o S |S 7 ) tp o (»q o q'( s , /) + q'( s , J) 1 ) : n(s, I) - TP 

covering the immersion 7r|? o s|S' 7 (s) : 5 7 (s) — > P such that for any c G S I (s), 
q(s, 7) c is regarded as p — n + c(7) polynomials of c(I) variables with constant 0. 

Proof of Theorem 4-1- By Lemmas 5.1 and 5.2 we may assume that s satisfies (2) 
of Lemma 5.1 and (2) of Lemma 5.2, where Sj is replaced by s. We define P(S' 7 ) 
to be the union of all exp N (Dg os (n(I))), where S : S 7 (7V, P) — > R is a sufficiently 
small positive function such that 5 o s\(S I \lntU(C(I + ))2) is constant. This is a 
tubular neighborhood of S 1 . 

It is enough for the proof of Theorem 4.1 to prove the following assertion: 
(A) There exists a homotopy H\ relative to U{C(I + ))2-r a ' m ^n( N ,P) with 
Hq = s satisfying the following. 
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(1) S T (Hx) = S 1 for any A. 

(2) We have an fi-regular map G defined on a neighborhood of U(C(I + )) 2 _ r to 
P such that j°°G = Hi on U(C(I+)) 2 _ rQ U P^ 7 ). 

By the Riemannian metric on P, we identify Q with the orthogonal p — n + i\ 
dimensional bundle of Im(di(s, /)) in (7Tp os|S 7 )*(TP). Then the map exp P o(7TpO 
S ^S I ) TP \D 7 (Q) is an immersion for some small positive function 7. In the proof 
we express a point of P(>S 7 ) as v c , where c G S 1 , v c G n(7) c and ||v c || < 5(s(c)). In 
the proof we say that a smooth homotopy 

k x : (P(S 7 ), 3P(S 7 )) - P), f2(JV, P) \ £ 7 (JV, P)) 

has the property (C) if it satisfies that for any A 

(C-l) fc;^(E 7 (iV,P)) = S 7 , and 7rp° o fcA^ 7 = irf o fc |S 7 and, 
(C-2) /ca is smooth and transverse to £ 7 (-/V, P). 

If we choose 5 sufficiently small compared with 7, then we can define the f2- 
regular map go ■ E(S I ) — > P by 

(6-5) go(v c ) = exp Pi7r?>os(c) oq(s, J) c o cxp^ c (v c ). 

It follows from Section 2 that 50 has each point c e S 7 as a singularity of the 
symbol / and vice versa. Now we need to modify go by using Lemma 5.3 so that 
go is compatible with g(I + ). Let 77 : S 1 — > R be a smooth function such that 

(i) < 77(c) < 1 for c G S 7 , 

(ii) 77(c) = for ceS I nu(C(i+)) 2 _ 3ra , 

(iii) r / (c)-lfor C G5 7 \(7(C(/+)) 2 _ 4ro . 

Then consider the map G : U(C(I+)) 2 _ 3rg U E(S') -> P defined by 

f G(x) = .g(/+)(x) if x G t/(G(/+)) 2 _ 3ro , 

\ G(v c ) = (1 - »y(c)) ff (/+)(v c ) + 77(c). 9o (v c ) if v c G P(S 7 ). 

It follows from Lemma 5.3 that G is an ^-regular map defined U(C(I + )) 2 _ 3ro U 
E(S I ), that G|£'(S' 7 ) has the singularities of the symbol I exactly on S 1 , and that 
for any c G S 1 , the assumptions (i)-(iv) of Lemma 5.3 holds for /1 = <j(/ + ) and 

/2 = 50- 

Set exp n = expjj/jy m for short. Let ft} and /iq be the maps (E^S 1 ), S 1 ) — > 
(fi(iV, P), £ 7 (iV, P)) defined by 

ft}(v c ) = exp n;S(c) od c s o (exp^J-^Vc), 

ftg(v c ) = exp njooG(c) od c (j°°G) o (exp^J-^Vc). 

By applying Lemma 5.4 to the section s and ft}, we first obtain a homotopy ft^ G 
r£(.E(S J ),P) between ftj = s and ft} on P(5 7 ) satisfying the properties (1), (2) 
and (3) of Lemma 5.4. Similarly we obtain a homotopy h x G r^(P(5 7 ), P) between 
fto and ft? = j°°G on E(S I ) satisfying the properties (1), (2) and (3) of Lemma 
5.4. 

Next we construct a homotopy of bundle maps n(I) — ► ^(S 7 ) covering a homo- 
topy S 1 -> £ 7 (7V, P) between ds|n(J) and d(j oc G)|n(7). Let us recall the additive 
structure of J°°(N,P) in (1.2). Then we have the homotopy n x : S 1 -> J°°(jV,P) 
defined by 

ka(c) = (1 - A)s(c) + Aj°°G(c) covering 7rp° o s|5 7 : S* 7 -► P, 
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where 7r^ ) os|S ,/ is the immersion as in (2) of Lemma 5.2. We show that k x is actually 
a homotopy of S 1 into S / (A r ,P). Under the identification (s)*P = (tt^ 3 o s)*(TP) 
and s*D = TN, it follows from the decomposition of n(J) in (4.3) that 

(6.6) ( S |^)*(d J+1 o ds^Ij c /,_!)) - (j°°G|S 7 )*(d j+1 ° rf(i°°G)|n(7 J - c J^)) 

over S 17 . These formulas are the direct consequence of the construction of q(s,I) 
used in the definition of G and the definition of the intrinsic derivatives in Sections 
2 and 3. By (6.6) we have that xi(k x ,I) c = n(I) c and Q(k x ) c = Q c for any c G S 1 . 
Hence, it follows that the equalities of the homomorphisms in (6.6) also hold when 
s is replaced by k x (0 < A < 1). This implies that k x is a homotopy into £ 7 (iV, P). 
Hence, the homotopy (ka) 1 ^ : k^H^ 7 )) -> K^ 7 ), ds and d(j°°G) induce the 
homotopy of bundle maps k\ : n(7) — ► z^(£ 7 ) covering «a such that Tio = ds and 
«T = d{j°°G). We define the homotopy ^ : (E(S'), S 1 ) -> (Q(N, P), £ 7 (iV, P)) by 

h \{vc) = exp njS(c) o^T x o (expjv J-^Vc). 

Then we have that h^{v c ) = h\(w c ) = exp ns ( c ) od c s o (exp^) (v c ) and /ig(v c ) = 
h\{v c ) = exp n ij0 o G(c) od c (j°°G) o (exp^ J-^Vc) on P(S 7 ). 
Since ft5(v c ) = /i?(v c ) = s(v c ) for v c G P(S 7 ) U f/(C(/+)) 2 _ 

-3ro' we ma y assume 

in the construction of /i- , /i^ and h\ that if v c G E{S I ) U t^(C(7 + )) 2 _ 3ro , then 
^a( v c) = ^o( v c) = ^i(vc) and h\(v c ) = h?_ A (v c ) for any A. 

Let h x G T^iEiS 1 ) U U(C(I + )) 2 _ 3ro , P) be the homotopy which is obtained by 
pasting h\, h\ and h x . The homotopies h\ and h x are not homotopics relative to 
E{S I ) fl t 7 (C(/ + )) 2 _ 3ro in general. By using the above properties of h x , h x and 
h x , we can modify h\ to a homotopy /ja € T\l{E{S I ), P) satisfying the property 
(C) such that 

(1) h x {w c ) = h (w c ) = s(v c ) for any A and any v c G P(S 7 ) n ^(C(/+)) 2 _ 2ro , 

(2) feo(v c ) = s(v c ) for any v c G P(S 7 ), 

(3) /n(v c ) = j°°G(v c ) for any v c G P(S 7 ). 

By (1), we can extend fe A to the homotopy H' x G L*[( J B(S' 7 ) U J7(C(/+)) 2 _ 2ro , P) 
defined by i^|P(S 7 ) - fc A and tf(Jt/(C(/+)) 2 _ 2ro = s|t/(C(/+)) 2 _ 2ro . 

By the transversality of H' x and the homotopy extension property to s and H' x , 
we obtain an extended homotopy 

H x :(N 7 S I )^(n(N,P)^ I (N 7 P)) 

relative to U(C(I + )) 2 _ rQ with Hq = s. Furthermore, we replace S and E(S I ) 
by smaller ones. Then H x is a required homotopy in Tq (N, P) in the assertion 
(A). □ 

7. Proof of Theorem 0.2 

In this section we prove Theorem 0.2 by applying Theorem 0.1. 

Proposition 7.1. Under the same assumption of Theorem 0.2, any section s G 
r*[ Jr (N, P) has a homotopy s x G T% r [N, P) such that 

(1) s = s, 

(2) si is a section ofVl J {N,P) over N , 

(3) S^{s x ) - S 7 "(s) = 5 7 -(s!) for any A. 



We need the following lemma for the proof of Proposition 7.1. 
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Lemma 7.2. Assume the same assumption of Theorem 0.2. Then, we have 

(1) QiIs^jv.p); an d 2 Kr|s'r(Ar.p) are trivial line bundles equipped with the 
canonical orientations respectively, 

(2) The homomorphisms Cj |Hom(0"'Kr, Qi) : Hom(0"'K r , Qi) — > Pj (1 < j < 
r) and ej_i o Cj_i : Hom(0 : ' _1 K r , Qi) — ► Qj (1 < j < r) are infective over 
^(N,P). 

Proof. (1) By Section 2 (5), cbjKi : Ki — > Hom(Ki,Qi) induces the isomorphism 

Ki/K 2 -» Hom(Ki/K 2 ,Qi) over Y, Ir (N,P). 

This yields q : K1/K2 O K4/K2 — > Qi over Y, Ir (N, P), which is a nonsingular 
quadratic form on each fiber. Since dimKi/K 2 = n — p+l — ii is odd, we choose 
the unique orientation of Qi, expressed by the unit vector e p , so that the index 
(the number of the negative eigen values) of q z , z e S 7r (N, P) is less than (n — p + 
l-* 2 )/2. 

Since K r | s / r ( A r P ) is a line bundle, Q 2 K r \^i r ^ N _ P - ) has the canonical orientation. 

(2) We prove the assertion by induction on j (r > 3). Let j = 1. Since the kernel 
of d 2 |K! is K 2 , we have that Ci = U! induces the inclusion Hom(K r , Qi)|s/ r C 
Hom(Ki, Qi)| E / r = Pi|s/ r and ei\^i r : Pi|s/ r — > C^ls'r is identified with the re- 
striction Hom(Ki, Qi)|s J r —> Hom(K2, Qi)|s/r • Hence, ei oci |(Hom(K r , Qi)|s-fr ) 
is injective. Suppose that ej_ 2 Cj_2|Hom(0 : ' _2 K r , Qi) is injective into Qj-i 
over E /r (iV, P) for j — 2 < r. Then it follows from the definition of Uj_i that 
Cj_i|Hom(0" ,_1 K r , Qi) is injective into Hom(Kj_i, Qj-i) over Y, Ir (N,P). Since 
the image of Cj_i is Pj-i, the map Cj_i |Hom(0 : ' _1 K r , Qi) is injective into Pj-i- 
Since dj|K r vanishes for j < r over E /r (7V, P) and since dj K r is symmetric, the 
composition e 3 _i o Cj_i |Hom(0"' _1 K r , Qi) is injective into Qj over Y, Ir (N, P) for 
j < r. Thus the map Cj |Hom(0 J 'K r , Qi) is injective into Pj for j < r. This proves 
the lemma. □ 

Proof of Proposition 7.1. In the proof we identify J k (N, P) with J k (TN,TP) by 
(1.2). By (9) in Section 2, there exists the open subbundles il L (N,P) of J k (N,P) 
such that (■k%°)- 1 (Q l (N,P)) = Q L (N,P) for L with length fc. It follows that 
«° o a )(JV \ C ^-°(iV \ (S 7 -(s)),P). 

We now construct a new section u : N — > ti J (N, P) as follows. 

Let e p (Q) c and e(O r+1 (-^r)c) be the oriented vectors induced from e p (Q s ( c )), 
e(O r+1 K riS ( c )) by s respectively. Then we define the section (f> J : S Ir (s) — > 
Hom(O r+1 ^r, Q) by J (c)(e(O r+1 (ifr) s ( c ))) = e p (Q s(c) ). Then we can extend 
^ J to a section w : S Ir (s) Hom(S' r + 1 ((7r^ os)*(TN)), (irf o s)*(TP)) such that 
«</>(c)| O r+1 ^V,c = J (c) for c e S Ir (s). Since S Ir (s) is a closed submanifold and 
since Hom(S' r + i ((7r^ o s)*(7W)), (tt^ o s)*(TP)) is a vector bundle, we extend u 
arbitrarily to the section : N -> Kom(S r+1 ((ir% o s)*{TN)), (irf o s)*(TP)). 
Then we define u by u = tt^os©^ as the section of J r+1 (N, P) = J r+1 (TN, TP). 
We lift u to the section s J of J°°(N, P) over N. Then we have that tt!^_ 1 o s j = u 
and 7r^ o s J = tt^° o s. Furthermore, we define the homotopy s\ € Tqi (N, P) by 

s\ = (1 - A)s + \s J . 

It follows from ir^° o s\ = 7r^° o s = 7r^° o s j that s\ is transverse to E /r (N, P) and 
S I -{8 X ) = S I -(a J )=S I -{s). 
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We prove that s J € Q J (N,P). For any point c e S Ir (s), let U c be a con- 
vex neighborhood of c and let k and y p be the coordinates of cxp N c ((K r ) c ) and 
expp 7r «, os .j( c - ) ((7r^ ° s J ) TP (Q) c ) respectively. Let denote the vector of the total 
tangent bundle D which corresponds k defined in [B, definition 1.6]. It follows from 
the definition of D that 

(O r+1 D k )y p \ s ., {c) = d r+1 y p /dk r+1 (c) ^ for c e S^(s). 

Then it follows from Lemma 7.2 (2) that 

d r+ i, s J( c )|K r s j( c) : K r s j( c) — > P r;S j( c ) D Hom(O r K r s j (c -|, Q s(c )) 

is injective. Hence, we have that s J (S Ir (s)) C £ J (iV,P). Since s J (N \ (S Ir (s)) C 
fl Ir - 1 '°(N, P), the assertion is proved. This proves the proposition. □ 

Proof of Theorem 0.2. By the assumption, j°° f is the section N — > f^iV, P). By 
Proposition 7.1, we have the section s J : TV — > Q J (N,P) such that 7Tp o s and 
7rp° o s' 7 are homotopic. By Theorem 0.1 we obtain an £l J -regular map g such that 
j°°g and s J are homotopic. This proves the assertion. □ 

Corollary 7.3. Let n > p > 2, and N and P be as above. Let I = (n—p+1, 1, 1, 1) 
and J = (n — p + 1, 1, 1, 0) such that n — p and r (r > 3) are odd integers. Then if 
f : N — > P is an SI 7 -regular map with j°°f G T^(iV, P), t/ien / is homotopic to an 
Q J -regular map g : N — > P suc/i £/ia£ a^rf are homotopic in T 1 ^ (N, P) 

and that S I (j°°f) = S I {j°°g). 

This corollary proves the Chess conjecture ([C]). Sadykov[Sady] has actually 
proved this corollary for J = (n—p+1, 1, 0) in the case of N and P being orientable. 
Let 7r (X) be the arcwise connected components of X. Theorem 0.1 asserts that 

(Jn0. : MC$(N,P)) - 7r (r n , (N,P)) 

is surjective. However, (jni)* is not necessarily injective. Let N — 5 2 , P = R 2 
and J = (1,0). Then we have by [An3] that fi 1 '°(2,2) is homotopy equivalent to 
50(3). it follows from [Ste, 36.4] that every two sections of fi 1 '°(5 2 , R 2 ) over S 2 arc 
mutually homotopic. Namely, tto(Tqi (N, P)) consists of a single element. On the 
other hand, let fx : S* 2 — > R 2 be a homotopy of fold-maps. Define F : S 2 x [0, 1] — > 
R 2 by F(x, A) = /a(x) so that if A is sufficiently small, then P(x, A) = /o(a0 
and F(x, 1 — A) = f\{x). By a very small perturbation of P fixing / and /i, 
we may assume that P is smooth and is still an fi^-regular map for any A. 
Furthermore, the map P : S 2 x [0, 1] — > R 2 x [0, 1] becomes an r2 1,0 -regular map, 
and S' 1 ' (P) is a submanifold of S 2 x [0, 1]. By the Jacobian matrix of P we know 
that the kernel line bundle Ki(j°°F) over S 1 '°(F) is independent with d/d\, and 
r(S* 1 ^°(P))nPi(i oc P) = {0}. This implies that S lfi (F) is regularly projected onto 
[0,1]. Hence, S 1 '°(fo) must be diffcomorphic to S 1 '°(fi). Thus we conclude that 
^(C^J (S* 2 , R 2 )) is an infinite set. 

References 

[Anl] Y. Ando, On the elimination of Morin singularities, J. Math. Soc. Japan 37(1985), 471- 
487. 

[An2] Y. Ando, An existence theorem of foliations with singularities A^, and E^, Hokkaido 

Math. J. 19(1991), 571-578. 
[An3] Y. Ando, The homotopy type of the space consisting of regular jets and folding jets in 

J 2 (n,n), Japanese J. Math. 24(1998), 169-181. 



MAPS WITH PRESCRIBED THOM-BOARDMAN SINGULARITIES 



19 



[An4] Y. Ando, Fold-maps and the space of base point preserving maps of spheres, J. Math. 

Kyoto Univ. 41(2002), 691-735. 
[An5] Y. Ando, Invariants of fold-maps via stable homotopy groups, Publ. RIMS, Kyoto Univ. 

38(2002), 397-450. 

[An6] Y. Ando, Existence theorems of fold-maps, Japanese J. Math. 30(2004), 29-73. 
[An7] Y. Ando, The homotopy principle in the existence level for maps with only singularities 
of types A, D and E, submitted. 

[B] J. M. Boardman, Singularities of differentiable maps, IHES Publ. Math. 33(1967), 21-57. 

[C] D. Chess, A note on the class [£*(/)], Proceedings of Symposia in pure Math. 40(1983), 
Part 1, AMS., 221-224. 

[duP] A. du Plcssis, Maps without certain singularities, Comment. Math. Helv. 50(1975), 363- 
382. 

[El] J. M. Eliasberg, On singularities of folding type, Math. USSR. Izv. 4(1970), 1119-1134. 
[E2] J. M. Eliasberg, Surgery of singularities of smooth mappings, Math. USSR. Izv. 6(1972), 
1302-1326. 

[F] S. Feit, fc-mcrsions of manifolds, Acta Math. 122(1969), 173-195. 

[Gl] M. Gromov, Stable mappings of foliations into manifolds, Math. USSR. Izv. 3(1969), 
671-694. 

[G2] M. Gromov, Partial Differential Relations, Springer- Verlag, 1986. 

[HI] M. Hirsch, Immersions of manifolds, Trans. Amcr. Math. Soc. 93(1959), 242-276. 

[H2] M. Hirsch, Differential Topology, Springer- Verlag, 1976. 

[K-N] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol.1, Intcrscicncc 
Publishers, 1963 

[LI] H. I. Levine, Elimination of cusps, Topology 3(1965), 263-296. 

[L2] H. I. Levine, Singularities of differentiable maps, Proc. Liverpool Singularities Sympo- 
sium, Springer Lecture Notes 192(1971), 1-85. 

[Mathl] J. N. Mather, Stability of C°° mappings, IV:Classification of stable germs by R-algcbra, 
Publ. Math. Inst. Hautes Etud. Sci. 37(1970), 223-248. 

[Math2] J. N. Mather, On Thom-Boardman singularities, Dynamical Systems, Academic Press, 
1973, 233-248. 

[Mats] Y. Matsushima, Differentiable Manifolds, Marcel Dekker, 1972. 

[Mo] B. Morin, Formes canoniques des singularitcs d'unc application differentiable, C. R. Acad. 

Sci. Paris 260(1960), 6503-6506. 
[P] A. Phillips, Submersions of open manifolds, Topology 6(1967), 171-206. 

[Sady] R. Sadykov, The Chess conjecture, Algebr. Geom. Topol. 3(2003), 777-789. 
[Stc] N. Steenrod, The Topology of Fibre Bundles, Princeton Univ. Press, 1951. 
[T] R. Thorn, Lcs singularitcs des applications diffcrcntiables, Ann. Inst. Fourier 6(1955-56), 

43-87. 

Department of Mathematical Sciences, Faculty of Science, Yamaguchi University, 
Yamaguchi 753-8512, Japan 

E-mail address: andoyayamaguchi-u.ac.jp 



